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Efficient Simulation of Separated Three-Dimensional
Viscous Flows Using the Boundary-Layer Equations

William R. Van Dalsem* and Joseph L. Stegerj
NASA Ames Research Center, Moffett Field, California

A simple and computationally efficient algorithm for solving the unsteady three-dimensional boundary-layer
equations in the time-accurate or relaxation mode is presented. Results of the new algorithm are shown to be in
quantitative agreement with detailed experimental data for flow over a swept infinite wing. The separated flow
over a 6:1 ellipsoid at angle of attack and the transonic flow over a finite wing with shock-induced "mushroom"
separation are also computed and compared with available experimental data. It is concluded that complex,
separated, three-dimensional viscous layers can be economically and routinely computed using a time-relaxation
boundary-layer algorithm.

Introduction

A GOAL of computational fluid dynamics is to econom-
ically predict the viscous flow about three-dimensional

aerodynamic configurations. Two distinct approaches toward
this goal have evolved. Either the entire flow is resolved by
solving the Reynolds-averaged Navier-Stokes equations, or
the viscous-inviscid interaction approach is used, satisfying
the boundary-layer equations and some inviscid system
simultaneously. Currently, the Navier-Stokes approach offers
the advantage of being more general, while the viscous-
inviscid interaction approach can be more computationally
efficient. In other words, by using the viscous-inviscid inter-
action approach, a given flow can be resolved using less com-
puter resource, or a more complex flow can be computed with
a given computer resource.

At this time, it is not clear that either the Navier-Stokes or
the viscous-inviscid interaction approach has a clear advan-
tage, or that they will remain distinct approaches. For exam-
ple, new Navier-Stokes algorithms may incorporate bound-
ary-layer solvers (or features of boundary-layer solvers) in an
effort to improve near-wall efficiency. On the other hand,
the viscous-inviscid interaction methods are using more com-
plete viscous, inviscid, and interaction algorithms that
amount to a different and more efficient method of solving
the Navier-Stokes equations. In light of these trends, the
purpose of the present work is to develop an efficient,
unsteady three-dimensional boundary-layer algorithm that
can be used either to help improve the efficiency of the
Navier-Stokes methods1 or in the more general viscous-
inviscid interaction algorithms.2

One of the major reasons for the recent emphasis on the
Navier-Stokes approach is that it is felt to be difficult to
apply the viscous-inviscid interaction approach to complex
three-dimensional flows. This stems from the lack of reliable
viscous-inviscid interaction methods and the perception that
boundary-layer algorithms are inadequate when applied to
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complex flow. The perception is partly due to the saddle-
point behavior of the boundary-layer equations at separa-
tion. However, this behavior can be entirely avoided by
using the inverse mode. Another difficulty in computing
complex three-dimensional flows is the need to provide addi-
tional flow modeling (e.g., the crossflow velocity profiles) if
the popular integral boundary-layer equations are used.
However, if the full partial-differential boundary-layer equa-
tions are solved, only the same turbulence modeling required
by the Navier-Stokes algorithms must be supplied. Finally,
past integral and finite-difference three-dimensional bound-
ary-layer algorithms have been space-marching schemes
which can be cumbersome and unreliable in complex flow,
especially when streamwise and crossflow separation are
present.

Here, the unsteady three-dimensional partial-differential
boundary-layer equations are solved in the direct and inverse
modes using a finite-difference method. By using the inverse
mode no difficulties are encountered at separation, whereas
the use of the full partial-differential equations results in an
algorithm that can be applied to a wide class of problems.
The limitations of the standard space-marching approach
(when applied to three-dimensional flows) are avoided by us-
ing a time-relaxation scheme. By relaxing the boundary-layer
equations in time, flow-dependent difference operators that
automatically adjust to the flow direction can replace
problem-dependent space sweeps. Hence, one relatively sim-
ple code can easily be applied to a wide variety of three-
dimensional flows without any changes to the algorithm.
Relaxation schemes are also more robust and forgiving of
approximate boundary conditions than are space-marching
schemes. For example, with a space-marching scheme all
variables must be specified at in-flow and some side bound-
aries, whereas zero-gradient boundary conditions can often
be used with a relaxation numerical algorithm. On the other
hand, compared to space-marching algorithms, relaxation
schemes can be relatively computationally expensive when
used to simulate simple steady flows. This drawback can be
minimized if care is taken to design the relaxation algorithm
so that a steady state can be reached in few iterations. Also,
since a relaxation boundary-layer scheme can be at least half
as expensive as a second-order space-marching scheme on a
per-iteration basis, when included in a viscous-inviscid in-
teraction algorithm the relaxation boundary-layer scheme
should result in a more efficient code. Finally, the same code
can also be used to simulate unsteady flows.

The following two sections present the transformed equa-
tions and the relaxation algorithm. Computational results
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are then compared to experimental data for a variety of
flowfields. These comparisons are used to verify the present
formulation and suggest that the boundary-layer equations
can be used on a routine basis to compute complex separated
three-dimensional viscous layers.

Unsteady Three-Dimensional
Boundary-Layer Equations

Instead of solving the boundary-layer equations in
similarity variables so as to scale out the viscous-layer
growth, a general x,y,z to %(x,z),ri(x,y,z),£(x,z) coordinate
transformation is used (see Fig. 1). Hence, a complex
similarity transformation is avoided and solution-adaptive
gridding is readily implemented as demonstrated in Refs.
3-5. Neglecting surface curvature, the compressible bound-
ary-layer equations for the unsteady, three-dimensional flow
of a perfect gas can be written in %(x,z
coordinates as

x-momentum:

(la)

z-momentum:

Perfect gas relation:

Energy (H= total enthalpy)

p(Ht + UHt + VH^ + WB

Pr-l
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(Id)

Continuity:

P/
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where £7, V, and W are unsealed contravariant velocities

U

V

W

and j8= (p/pu2)^. Viscosity, pressure, temperature, and den-
sity are nondimensionalized by their freestream values. The
velocities u and w and the coordinates x and z are nondimen-
sionalized by the freestream velocity and a characteristic
length, respectively. The v and y variables are non-
dimensionalized by the same quantities divided by ^iRe^.
For turbulent flows, the viscosity coefficient \L is the sum of
the molecular and eddy viscosities.

If no streamwise separation is present, these equations
may be solved with the pressure specified (the direct mode).
However, streamwise separation may occur, and to avoid
saddle-point behavior the equations must be solved in the in-
verse mode. In this work, the wall shear stress (TW) is used as
the inverse forcing fuction on a body, while the wake

centerline velocity would be used in free-shear layers. It is in-
teresting to note that it is possible to solve the three-
dimensional boundary-layer equations in a mixed direct/
inverse mode. For example, the Jt-momentum equation may
be solved in the inverse mode, while the z-momentum equa-
tion can be solved in the direct mode, or vice versa. The
authors have observed that saddle-point behavior at the
streamwise separation line may be avoided if just the
momentum equation in roughly the freestream direction is
solved in the inverse mode (i.e., the other momentum equa-
tion can be solved in the direct mode).

The boundary conditions for space-marching three-
dimensional boundary-layer computations require a great
deal of attention. However, with a relaxation algorithm
much simpler boundary conditions can often be used. There
are at least two reasons for this. First, with a relaxation
algorithm the physical domain of the computation can be
quite general. For example, on a three-dimensional wing or
body a relaxation algorithm can simply capture the stagna-
tion line or point as part of the computation of the flow
about the entire body or wing. Second, as with Navier-
Stokes algorithms, the boundary values can be "brought
up" with the rest of the solution via zero- or the first-order
gradient boundary conditions. For example, it would be very
difficult to specify the flow quantities near a wing tip, as
may be required by a space-marching scheme. However, with
a relaxation algorithm the tip values can be brought up dur-
ing the iteration process using, for example, a zero-gradient
boundary condition. The global impact of this approximate
boundary condition can be minimized by refining the grid in
the tip region.

Numerical Algorithm
Solution Scheme

A time-like algorithm which can be run in either a time-
accurate or iterative mode is used to avoid the need for com-
plex space-marching patterns. The relaxation algorithm was
designed to yield quick convergence to a steady-state solu-
tion. Because the pressure gradient forcing terms in the
momentum equations are treated as given functions, the
boundary-layer equations are weakly coupled and can be
solved sequentially at each time step. As a result, a semi-
implicit algorithm can be used at each time or iterative step,
yet only scalar-like uncoupled equations are solved. Spatial
derivatives in the momentum (and energy) equations are ap-
proximated with implicit second-order-accurate central dif-
ference operators in the direction normal to the body, and
flow-dependent second-order-accurate operaters in the other
two directions. That is, central differencing is used in r?, and
upwind differencing is used in £ and f. For example, when
differencing a term such as uk a backward difference is used
if the coefficient pU is positive and a forward difference is
used if the coefficient pU is negative. In the continuity equa-
tion, the £ and f derivatives are approximated with second-
order-accurate central-difference operators, and trapezoidal-
rule integration is used in the rj direction to yield v.

The time-accurate algorithm is presented below using con-
ventional operators defined in terms of the shift operator
E^u^u,^

and the second-order-accurate upwind operator
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where a is the convective coefficient (e.g., pU). Using a
notation that space-time indices are not written unless
changed (e.g., u=u"ikiif un+l-**"£}, etc.), the semi-
implicit scheme is written as follows.

Update u at the new time step from the Jt-momentum
equation (U=%xu + %zw, etc.):

p( Vtun + l

(2a)

where if £/<0, <5^ will actually operate on explicit data, and
as noted below, care is taken to maintain stability of terms
that are explicitly three-point differenced. This system of
equations is easily solved by inverting scalar-tridiagonal
matrices in 17. In a similar way, w is updated from the z-
momentum equation (U=£xiin+l +£ zw, etc.):

p( V,w" + 1

(2b)

and H is updated from the energy equation (U=£xun

+ £ Z W I + 1 , etc.):

authors' two-dimensional space marching algorithm.3'5
However, if only a steady-state solution is required, en-
hanced stability and faster convergence is obtained by im-
plicitly including the diagonal contribution of any explicit
operator. In this case, the algorithm takes on a similarity to
a SLOR scheme. Finally, in many steady-state cases an
assumption of constant total enthalpy can replace the
partial-differential energy equation.

Direct and Inverse Modes
Near and in reversed flow regions, the boundary-layer

equations are solved in the inverse mode to avoid saddle-
point behavior at the separation point. To solve the bound-
ary-layer equations in the inverse mode, the algorithm must
be modified so that the inverse forcing functions can be
specified. As in Refs. 3-5, the wall shear stress rw (on a solid
body) and the wake centerline velocity (in a wake) are used
as the inverse forcing functions. This is achieved by replacing
the pressure terms in the momentum equations with expres-
sions containing the inverse forcing functions. These rela-
tions are obtained by applying the momentum equations at
the wall and wake centerline. For example, the jc-momentum
equation evaluated at a wall yields

Pr-l

Finally, obtain p —p/T and integrate the continuity equation
for v using updated values of w, w, and p:

r (pw) (pw) , (pw)

(2d)

The coefficients ju and Pr are then evaluated using either the
Cebeci algebraic turbulence model6 (generalized to three
dimensions) or the Baldwin-Lomax model.7

The algorithm presented above is second-order-accurate in
space and first-order-accurate in time. A simple corrector se-
quence can be used to achieve second-order time accuracy
and provide additional stability of the explicitly differenced
terms, following the same technique employed in the

STAGNATION POINT

Fig. 1 Physical to computational domain coordinate transforma-
tions: a) physical domain; b) computational domain.

(3)

These expressions allow the elimination of the pressure
terms from the momentum equations. However, if the entire
inverse forcing term is treated implicitly, the central dif-
ferenced r; operators do not generate a simple tridiagonal
matrix. Instead, a tridiagonal-like matrix with an additional
column of nonzero coefficients of the following form must
be inverted:

/3

/4
(4)

./*.
This augmented scalar tridiagonal matrix system is efficiently
solved using an algorithm developed specifically for this ap-
plication. The algorithm utilizes an LU decomposition to
solve the augmented scalar tridiagonal system (Refs. 3 and 4)
and costs only 40% more than the standard scalar tri-
diagonal inversion. Because the inverse forcing functions are
implemented implicitly, no iteration is required at each time
step to obtain the desired wall shear or wake centerline
velocity.

Vectorization
This algorithm readily lends itself to vector computer ar-

chitecture by arranging the computation of the inversion
matrix coefficients and the actual inversion in a vectorized
loop. To do this, one spatial direction must be chosen along
which to create the vectors. It is convenient to choose the
direction along the body roughly normal to the freestream.
Then at each time step, along each £ = const plane, all the
coefficient matrices are computed, stacked together, and fed
to a vectorized version of a scalar tridiagonal (or augmented
tridiagonal) solver. Using this approach, the algorithm re-
quires approximately 2 />ts/point/iteration on a Cray-XMP
processor.
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Results
A variety of flows have been computed with the new

algorithm, but only three flows will be discussed here. First,
quantitative agreement between computed results and de-
tailed experimental data for separated flow over a swept in-
finite wing will be shown. The efficiency of the algorithm
will also be indicated. Then results of computing the
separated flows over a 6:1 prolate spheroid at angle of attack
and the separated transonic flow over a swept finite wing
will be presented to indicate some of the complex flows
which can be simulated with the present algorithm.

Van den Berg and Elsenaar8 acquired detailed experimen-
tal data for a flow which mimics the incompressible flow
over a wing with a 35 deg sweep and large aspect ratio. The
boundary layer on this wing experiences an adverse pressure
gradient (see Fig. 2) which eventually results in turbulent
three-dimensional separation at approximately 90% of
chord, as shown in Fig. 3. This flow was computed in the in-
verse mode on a 50 (streamwise) x 50 (normal to the
body) x 20 (span) mesh. In all computations, the first grid
point off the surface is placed at a distance of less than
y+ = 1. The large wing aspect ratio condition was modeled
with an aspect ratio of 10 and extrapolation boundary condi-
tion at the two wing tips. In Fig. 4 some of the computed
boundary-layer integral and edge-flow parameters are com-
pared with experimental data. Overall, the agreement is quite
good, especially considering that this is a separated turbulent
three-dimensional flow.

To indicate the basic efficiency of the algorithm, the
residual history for the previous case is presented in Fig. 5.
On a 50,000-point mesh a practical solution is obtained after
a three-order-of-magnitude drop in the residual, or roughly
30 iterations and 30 s on a Cray-XMP processor. (The
residual can be dropped to machine round-off error in ap-
proximately 100 iterations.) When strongly interacting flows

Fig. 2 Pressure contours for the incompressible turbulent flow
over the swept infinite wing of Van den Berg and Elsenaar.8

Fig. 3 Computed near-surface particle paths on the Van den Berg
and Elsenaar wing.

are computed using the viscous-inviscid interaction ap-
proach, roughly this number of viscous-inviscid iterations
(and viscous-flow evaluations) are required to resolve the in-
teraction. So, since the present algorithm is at least twice as
efficient on a per-iteration basis as a second-order space-
marching scheme, its use should result in more general and
possibly more efficient viscous-inviscid interaction codes.

Detailed experimental data have been obtained for the
flow over a 6:1 prolate spheroid at angle of attack.9'12 The
measured flowfields vary in angle of attack, Reynolds
number, and method of transition. For this paper, the
authors computed the essentially transitional flow (i.e.,
UK =45 m/s) over the ellipsoid at 30 deg angle of attack. The

J,2-
*O

O EXPERIMENT [8]
PRESENT

a)

600.0 700.0 900.0 1100.0
X (mm)

1300.0 1500.0

CV2*o
O EXPERIMENT [8]

PRESENT____

b)

600.0 700.0 900.0 1100.0
X (mm)

1300.0 1500.0

00<D 9s,°-
0)'

c)

EXPERIMENT [8]
PRESENT

600.0 700.0 900.0 1100.0
X (mm)

1300.0 1500.0

Fig. 4 Comparison of computed and experimental boundary-layer
parameters for the Van den Berg and Elsenaar wing: a) streamwise
displacement-thickness distribution; b) crosswise displacement-
thickness distribution; c) boundary-layer edge-flow angle (relative to
tunnel axis) distribution.
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Fig. 5 Typical residual history.

Fig. 6 Measured pressure distribution12 on a 6:1 prolate spheroid
at 30 deg angle of attack, /te = 7.2x!06, and M^ =0.13.

Fig. 7 Measured near-surface particle paths for the flow over the
prolate spheroid of Fig. 6.

b)

Fig. 8 Computed near-surface particle paths for the flow over the
prolate spheroid of Fig. 6: a) completely laminar; b) transition at
the crossflow separation line; c) completely turbulent.

experimental pressure and near-surface particle traces are
presented in Figs. 6 and 7, respectively. The experimental
particle traces were obtained by computing the streamlines of
particles released on the body (and required to remain on the
body) given the experimental wall skin-friction data.

The flow was computed by solving the boundary-layer
equations, including the nonunity geometrical metric coeffi-
cients outlined by Wang,13 Cebeci,14 and others, on a 45 (ax-
ial direction) x 50 (normal to body) x 25 (circumferential

Fig. 9 Close-up of captured
stagnation point of the flow over
the prolate spheroid of Fig. 6.

Fig. 10 Computed pressure contours16 on a NACA-0012 wing with
yR = 3, 2 deg angle of attack, fle = 8.0x!06, and Mx =0.826.

direction) mesh. A cubic spline representation of the ex-
perimental pressure distribution was specified as the forcing
function. In Fig. 8 computed surface streamlines are
presented for three conditions: fully laminar, transition at
the crossflow separation line, and fully turbulent. From
these three figures it is clear that this flow is very sensitive to
the laminar/turbulent state of the boundary layer. Specifi-
cally, in the fully laminar and transitional computations the
streamlines indicate two counterrotating streamwise vortexes
(indicated by the coalescence/dispersion/coalescence stream-
line patterns in the meridional direction), while in the fully
turbulent case only one fairly small streamwise vortex is in-
dicated by the one streamwise coalescence line. By com-
parison with the experimental particle traces it is apparent
that the experimental flow is neither entirely laminar nor tur-
bulent, and that the transitional result is in the closest agree-
ment with the experimental data. The simple transition
model used here has underpredicted the extent of turbulent
flow, and as a result a slightly larger separated region is
predicted than is observed experimentally. However, it is
clear that these flows can be computed routinely with the
present code and a refined transitional model could be
developed using the code. Figure 9 is a close-up of the cap-
tured stagnation point. As mentioned earlier, with the pres-
ent algorithm there is no special treatment of the stagnation
region since there is no requirement to march away from the
stagnation point.

The transonic flow over a NACA-0012 wing with a 20 deg
sweep and an aspect ratio of 3 has been studied by Lockman
and Seegmiller15 over a range of freestream Mach numbers
and angles of attack. At M00= 0.826, a = 2 deg, a strong
shock runs across the wing (see Fig. 10) which contributes to
the formation of complex streamwise and crossflow separa-
tion regions. Unfortunately, the experimental data are not of
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Fig. 11 Experimental oil-flow patterns15 for the flow over the
NACA-0012 wing of Fig. 10.

Fig. 12 Computed near-surface particle paths for the flow over the
NACA-0112 wing of Fig. 10.

sufficient detail to supply the input for a boundary-layer
computation. However, this flow has also been computed us-
ing a Navier-Stokes algorithm16 (called TNS) which does
supply detailed results. In general, the pressure distribution
generated by the TNS code is in good agreement with the ex-
perimental data, while the computed skin-friction distribu-
tion is only qualitatively correct. Consequently, only the
pressure distribution generated by the TNS code can be used
as input for a boundary-layer computation, and this was
done by operating in the inverse mode and iterating to the
TNS pressure distribution. It is important to note that if this
iteration procedure were to converge to exactly the specified
pressure distribution, saddle-point behavior would be en-
countered at any streamwise separation line. To avoid this,
the relaxation parameter [co in rj+1 =rj + co(pw— PTNS)] i§

made proportional to the absolute value of the computed
wall shear stress. The result is that the specified pressure
distribution is accurately matched, but the saddle-point
behavior is avoided since the iteration procedure never
reaches exactly the specified pressure at the separation line.
The experimental oil-flow and computed near-surface particle
paths are compared in Figs. 11 and 12. As shown, details of
the flow near the tip, the "mushroom" separation region,
and (farther inboard) the continued deflection of the flow
through the shock are all captured. Overall, even for this
complex case, the agreement between the experimental and
computed boundary layer flows is quite encouraging.

Conclusion
By using the relaxation approach and flow-dependent

space-difference operators, the boundary-layer equations
have been applied to complex separated three-dimensional
viscous layers. By relaxing the unsteady boundary-layer
equations in time, a simple algorithm which is both robust
and efficient has been developed. Results of the new code
have been shown to be in quantitative agreement with detail-
ed experimental data and capable of computing complex
transonic flows with streamwise separation and arbitrary
crossflows. As a stand alone code, the new algorithm has
already proved useful in estimating the impact of transition,
turbulence models, and grid resolution, and as a diagnostic
tool for improving the skin-friction estimates of Navier-
Stokes simulations. The authors have also used this bound-
ary-layer algorithm to improve the efficiency of a Navier-
Stokes algorithm using the Fortified Navier-Stokes (FNS) ap-
proach first described in Ref. 2 and detailed in Ref. 1.
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